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XXX spin chain with spin s = −1 appears as an effective theory of Quantum Chro-
modynamics. It is equivalent to lattice nonlinear Schroediger’s equation: interacting
chain of harmonic oscillators [bosonic]. In thermodynamic limit each energy level is
a scattering state of several elementary excitations [lipatons]. Lipaton is a fermion: it
can be represented as a topological excitation [soliton] of original [bosonic] degrees of
freedom, described by the group Z2 . We also provide the CFT description (including
local quenches) and Yang-Yang thermodynamics of the model.
1 Introduction
In a ground-breaking paper [1], Lev Lipatov discovered that high-energy Quantum
Chromodynamics (QCD) can be described by the XXX spin chain with spin s = 0.
He also found corresponding eigenstates describing the high energy behavior of the
scattering amplitudes. This behavior is consistent with the high energy, small Bjorken
x behavior of the structure functions measured in deep-inelastic scattering (DIS).
At high energy, the scattering amplitudes in QCD are described by the exchange of
gluons dressed by virtual gluon loops – so-called reggeized gluons. In the limit of large
number of colors Nc (with fixed g
2Nc, where g is the QCD coupling), the correspond-
ing Feynman diagrams have the topology of the cylinder. Therefore the Hamiltonian
describing the interactions of reggeized gluons reduces to the sum of terms describing
the pairwise near-neighbor interactions, similar to the Hamiltonian of a spin chain.
L. D. Faddeev and G. P. Korchemsky in [2] mapped the spin 0 model to spin −1.
They also diagonalized the XXX Hamiltonian by algebraic Bethe Ansatz [3, 4].
Recently, it has been argued that the structure functions measured in DIS can be
interpreted in terms of entanglement entropy between the spatial region probed by
the virtual photon and the rest of the nucleon [5]. To develop this description further
and to describe the real-time evolution of the final state in DIS, one needs to identify
the physical excitations of the effective high energy QCD Hamiltonian. This can be
conveniently done in the thermodynamic limit at zero temperature, when both the
number of reggeized gluons L and the number N go to infinity, with a fixed ratio N/L.
*haoke72@163.com
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This motivates our study of thermodynamics (local quenches and modeling the deep-
inelastic collisions) in the XXX spin chain with negative spin.
The XXX chain with negative spin can be considered as discretization of nonlinear
Schroedinger equation (NLS) [6, 7, 4]. The thermodynamics Bethe Ansatz method is
based on C. N. Yang and C. P. Yang’s work [8], in which they considered thermody-
namics of continuous NLS.
The algebraic Bethe Ansatz (quantum inverse scattering method) [3, 4] can be ap-
plied to the solution of equations for wave functions of compound states which de-
scribe L reggeized gluons in the multicolor QCD in a generalized leading logarithmic
approximation (LLA). In the following, we will first briefly introduce the connection of
QCD in the LLA limit to the XXX spin chain for spin s = −1, and the relation between
XXX spin chain with negative spin and quantum nonlinear Schroedinger model. These
relations enable us to further investigate the thermodynamics of the models.
The holomorphic multicolor QCDHamiltonian [1, 2] describes the nearest neighbor
interactions of L particles (reggeized gluons):
H =
L∑
k=1
Hk,k+1, (1.1)
with periodic boundary conditions HL,L+1 = HL,1. The local Hamiltonians are given
by the equivalent representations1
Hj,k = −P−1j ln(zjk)Pj − P−1k ln(zjk)Pk − ln(PjPk)− 2γE
= −2 ln(zjk)− (zjk) ln(PjPk)(zjk)−1 − 2γE, (1.2)
where Pj = i∂/∂zj = i∂j , zjk = zj − zk, and γE is the Euler constant. We have to put
j = k + 1 and substitute into (1.1).
Lipatov used holomorphic representation of su(2)
S+k = z
2
k∂k − 2szk, S−k = −∂k, Szk = zk∂k − s, k = 1, · · · , L. (1.3)
He mapped DIS to a spin chain. The definition of the chain is based on the existence of
a fundamental matrix Rjk(λ)which obeys the Yang-Baxter equation
Rjk(λ) = f(s, λ)
Γ(iλ− 2s)Γ(iλ+ 2s+ 1)
Γ(iλ− Jjk)Γ(iλ+ Jjk + 1) . (1.4)
Here f(s, λ) is a complex valued function (it normalizes the R matrix). The λ is called
spectral parameter; we shall express everything as a function of λ (including the energy
andmomentum of lipaton). The operator Jjk is defined in the space V ⊗V as a solution
of the operator equation,
Jjk(Jjk + 1) = 2~Sj ⊗ ~Sk. (1.5)
Then theHamiltonian of the XXXmodel with spin s = 0 describes interaction of nearest
neighbors, see (1.1)
Hjk =
1
i
d
dλ
lnR
(s=0)
jk (λ)
∣∣∣∣
λ=0
, Hjk = −ψ(−Jjk)− ψ(Jjk + 1) + 2ψ(1). (1.6)
1Note that the difference between this Hamiltonian and the one proposed by Lipatov in [1] is a minus
sign.
2
Here ψ(x) = d ln Γ(x)/dx, and ψ(1) = −γE (γE is the Euler constant). The operator Jjk
is a solution of (1.5) when s = 0,
Jjk(Jjk + 1) = −(zj − zk)2∂j∂k. (1.7)
Put j = k + 1 in (1.6). This is a description of DIS in QCD by s = 0 spin chain. L.
D. Faddeev and G. P. Korchemsky mapped the spin 0 chain to spin −1. The similarity
transformation was found in [2].
H(s=−1) = (z12z23 · · · zL1)−1H(s=0)z12z23 · · · zL1. (1.8)
The s = −1 Hamiltonian has 4-nearest neighbor interactions. The XXX model with
spin s = −1 was solved by the algebraic Bethe Ansatz in [9, 10].
The corresponding Bethe equations for s = −1 determine the parameters (λ1, . . . , λN):
(
λk + is
λk − is
)L
=
N∏
j=1
j 6=k
λk − λj + i
λk − λj − i
s=−1−−−→
(
λk − i
λk + i
)L
=
N∏
j=1
j 6=k
λk − λj + i
λk − λj − i , k = 1, · · · , N. (1.9)
These are periodic boundary conditions. Later we argue that in order to construct ele-
mentary excitation, we have to change to anti-periodic boundary conditions. We show
in Appendix A that all the solutions λk of the above Bethe equations are real numbers.
This means that there is no bound state in this system. The following thermodynamics
analysis is based on this.
The explicit expressions for the eigenvalues of integrals of motions for arbitrary
spin s have been found in algebraic Bethe Ansatz [10] and we use these expressions for
s = −1 to get the eigenvalues of the Hamiltonian
E ≡
N∑
j=1
1
i
d
dλj
ln
λj + i
λj − i =
N∑
j=1
−2
λ2j + 1
, (1.10)
where {λj} obey the Bethe equations (1.9) for a fixed number of reggeized gluons
L. Thus, this relation yields the spectrum of original holomorphic QCD model with
HamiltonianH.
The quantum lattice nonlinear Schroedinger’s equation was introduced in [6, 7, 4].
We call it NLS. It is equivalent to XXX spin chain with negative spin. Quantum lattice
NLS is a chain of interacting harmonic oscillators: Let Ψ∗j and Ψk be the canonical
creation and annihilation operators of the harmonic oscillator:
[Ψj ,Ψ
∗
k] = δjk, (1.11)
and
̺j = (1 +
κ∆
4
Ψ∗jΨj)
1
2 , (1.12)
here κ > 0 is coupling constant2 for NLS and∆ > 0 is a step of the lattice. The operators
Sj
x =
i√
κ∆
(Ψ∗j̺j + ̺jΨj), Sj
y =
1√
κ∆
(̺jΨj −Ψ∗j̺j), Sjz =
−2
κ∆
(1 +
κ∆
2
Ψ∗jΨj),
(1.13)
2κ is also a function of spin s: κ =
∣∣2/s∆∣∣. We will analyze the strong coupling case κ→∞ later.
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are the generators of an irreducible representation of SU(2) algebra with arbitrary neg-
ative spin
s = − 2
κ∆
. (1.14)
In general, this SU(2) representation [6, 10] is infinite-dimensional, but for special (neg-
ative) values of ∆ it is finite-dimensional.
Let us focus on the correspondence between Bethe equations of the two models.
The Bethe roots λk of quantum lattice NLSmodel satisfy the following Bethe equations,
(
1 + iλk∆/2
1− iλk∆/2
)L
=
N∏
j 6=k
λk − λj + iκ
λk − λj − iκ ⇐⇒
(
i(−2
κ∆
)κ+ λk
i(−2
κ∆
)κ− λk
)L
=
N∏
j 6=k
λk − λj + iκ
λk − λj − iκ . (1.15)
Comparison of the abovemodified Bethe equations and the Bethe equations (1.9) shows
the connections between the two models. When we take coupling constant κ = 1, and
∆ = 2, the Bethe equations become
(
i(−2
κ∆
)κ + λk
i(−2
κ∆
)κ− λk
)L
=
N∏
j 6=k
λk − λj + iκ
λk − λj − iκ
κ=1,∆=2−−−−−→ (−1)L
(
λk − i
λk + i
)L
=
N∏
j 6=k
λk − λj + i
λk − λj − i .
(1.16)
This means that quantum lattice NLS model describes a more general XXX spin
chain model with negative spin s = −2/κ∆, and holomorphic QCD is its special case
with spin s = −1, ∆ = 2 and coupling constant κ = 1.
In order to analyze the Bethe roots distribution for negative spin s, first we take the
logarithm of Bethe equations (1.15) for quantum lattice NLS,
2πnk =
N∑
j=1
θ(λk − λj) + L θ (λk/|s|) , (1.17)
where
θ(λ) = −θ(−λ) = i ln
(
iκ + λ
iκ− λ
)
; −π < θ(λ) < π, Imλ = 0, κ > 0. (1.18)
This function is monotonically increasing,
θ′(λ− µ) = K(λ, µ) = 2κ
κ2 + (λ− µ)2 , K(λ) = K(λ, 0). (1.19)
κ = −2/s∆ = ∣∣2/s∆∣∣ is coupling constant. Spin s = −2/κ∆ is negative (with κ and
∆ being arbitrary positive numbers). In this paper, we mainly consider s = −1 (corre-
sponding to ∆ = 2 and κ = 1), unless specified otherwise.
The logarithmic form of Bethe equations (1.9) for holomorphic QCD model (XXX
with spin s = −1) is:
2πnk =
N∑
j=1
θ(λk − λj) + L θ(λk). (1.20)
Corresponding to the solutions of the Bethe equations (1.20), the energy function (1.10)
−∑Nj=1 2/(λ2j + 1) with fixed number N is minimized by the sequential set of integer
(N odd) or half-integer (N even) numbers nj :
nj = −
(
N − 1
2
)
+ j − 1, j = 1, · · · , N. (1.21)
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So the set of integers for the ground state in sequential (nj+1 − nj = 1). It fills the
interval from −(N − 1)/2 to (N − 1)/2.
The above logarithmic equations (1.17) and (1.20) show the Bethe roots distribu-
tions. The results further display that quantum lattice NLS model is a generalization
of XXX model with negative spin. Holomorphic QCD model (XXX spin chain with
spin s = −1) is a special case of quantum lattice NLS model.
In the next sections, following the procedures in [4] and [8], we construct thermo-
dynamics and also find the CFT description of the model. In section 2, we describe
zero temperature dynamics and elementary excitations. In section 3, we give CFT de-
scription and quenches of the model. In section 4, we discuss thermodynamics as well
as zero temperature, and strong coupling cases. In section 5, we generalize our results
to arbitrary negative spin. In section 6, we provide conclusions.
2 The thermodynamic limit at zero temperature
Let us consider the holomorphic QCD model. In the thermodynamic limit, both the
quantities L and N tend to infinity, while their ratio remains finite D = N/L.
We first indicate that the following properties hold for the system: all the solutions
λj of Bethe equations (1.9) are real numbers; the solution of logarithmic form Bethe
equations (1.20) exists and can be uniquely parameterized by a set of integer (half-
integer) numbers. Their proofs are given in Appendix A, and follow from [4, 8]. The
solution λk is monotonically increasing with the corresponding number nk. Specifying
{nk} for the ground state (1.21), we obtain from (1.20):
2πρt(λ) =
1
L
N∑
j=1
K(λ(x), λj) +K(λ(x)). (2.1)
Here the density of vacancies is defined in Appendix B. It can be expressed as the sum
of the densities of particles and holes
ρt(λ) = ρp(λ) + ρh(λ). (2.2)
The detailed analysis is given in Appendix B.
At zero temperature, the ground state with the lowest energy corresponds to the
solutions λj of the following Bethe equations, in which numbers nj are chosen from
the equation (1.21),
L θ(λj) +
N∑
l=1
θ(λj − λl) = 2π
[
j −
(
N + 1
2
)]
, j = 1, · · · , N. (2.3)
In the thermodynamic limit, the values of λj are condensed in Fermi sphere, with the
Fermi surface denoted by q = limλN . Then all the vacancies inside the interval [−q, q]
(called particles) are occupied by all the Bethe roots λj (the density of holes ρh(λ) = 0),
see (4.23). One can get a linear integral equation for ρp(λ) by changing the sum in (2.1)
to an integral (see Appendix B)
2πρp(λ) =
∫ q
−q
K(λ, µ)ρp(µ)dµ+K(λ). (2.4)
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In our case we have to require that∫ q
−q
ρp(λ)dλ = D =
N
L
. (2.5)
One can calculate the Fermi momentum as a unique function of D. Furthermore, one
can also calculate the Fermi velocity vF also known as the quench velocity for local
quenches. The calculation is based on the existence of Fermi surface q. Details will be
shown in the next section.
Herewe give some preliminary analysis of the dependence ofD on q. The equations
(2.4) and (2.5) show that the density D is a function of the parameter q. Obviously,
when q = 0, then D = 0. On the other hand, when q = ∞, then D > 1. This can be
obtained by the following estimate. Both two terms on the right hand side of equation
(2.4) are positive. Substituting them to equation (2.5) to calculateD at q =∞. Even the
integral of second term will give rise to
1
2π
∫ ∞
−∞
K(λ)dλ = 1, (2.6)
which means ∫ ∞
−∞
ρp(λ)dλ > 1. (2.7)
Meanwhile, we show that ∂D/∂q > 0. The proof is the same as that of the Bose gas
case in book [4]. Briefly, by differentiating (2.5) with respect to q, one gets
∂D
∂q
= ρp(q) + ρp(−q) +
∫ q
−q
∂ρp(λ)
∂q
dλ > 0. (2.8)
The equation (2.4) can also be differentiated to give an integral equation of ∂ρp(λ)/∂q.
Substituting the solution of integral equation into the above equation gives the explicit
expression for ∂D/∂q, and the inequality ∂D/∂q > 0. Given the above, density D is
a monotonically increasing function of q (when q = 0, then D = 0; and when q = ∞,
then D > 1).
Considering the grand canonical ensemble, one changes the HamiltonianH to
Hh = H− hQ =
L∑
j=1
Hj,j+1 − h
L∑
j=1
zj∂j , (2.9)
whereQ is the operator for the number of particles and h is the chemical potential. The
commutativity [H, Q] = 0 is ensured by the conservation law established in [1, 2]. Now
the eigenvalues ofHh are
Eh =
N∑
j=1
(
−2
λ2j + 1
− h). (2.10)
In the framework of grand canonical ensemble we can consider elementary excita-
tions3. In order to achieve this, we define the dressed energy of elementary excitation
ε(λ) as the solution of the linear integral equation
ε(λ)− 1
2π
∫ +q
−q
K(λ, µ)ε(µ)dµ =
−2
λ2 + 1
− h ≡ ε0(λ), (2.11)
3The book [4] shows that for elementary excitation we have to change periodic boundary conditions
to anti-periodic boundary conditions.
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with condition
ε(q) = ε(−q) = 0, (2.12)
which defines the dependence of q on h. Since this excitation emerges from the theory
first proposed by Lipatov, we will call it “lipaton”. Formula (2.27) shows the relation
of dressed (physical) momentum k and bare momentum p0. The formulae (2.11) and
(2.27) define bare energy ε0(λ) of lipaton. We can also write
ε0(p0) = −h− 1− cos(p0). (2.13)
The density D is also defined by h. This comes from the dependence of ε(λ) on
h. The density is a monotonically increasing function of the chemical potential when
h > −2
∂D
∂h
> 0, D|h=−2 = 0, D|h=∞ =∞. (2.14)
For h < −2, the density is zero. We remark that, ∞ density corresponds to some
positive limited value of h. For details please see section 4 and the book [4].
In section 4, we shall consider the thermodynamics at nonzero temperature. The
equation of ε(λ)will be derived in a natural way in the zero temperature limit.
The function ε(λ) is an even function of spectral parameter λ monotonic on the
positive semi-axis λ > 0 and also
ε(λ) > 0, when |λ| > q; (2.15)
ε(λ) < 0, when |λ| < q. (2.16)
When h < −2, the function ε(λ) has no zeros on the real axis. This corresponds to the
case of zero density, D = 0 and q = 0. When h > −2, the function ε(λ) has two zeros
on the real axis
ε(±q) = 0, h > −2. (2.17)
Next subsection will show that ε(λ) is the energy of the particle excitation above
the ground state energy. The meaning of ε(λ) will be further clarified in section 4.
2.1 Excitations at zero temperature
We already know that the ground state can be described by a set of integers nj given
by (1.21), while the excited states are described by different sets of integers. Let us
consider the elementary particle excitation and hole excitation. Due to the existence of
excited particle λp > |q| and hole −q < λh < q, the values of the solutions are changed
λj → λ˜j . The Bethe equations for the vacuum particles now become
L θ(λ˜j) +
∑
l
θ(λ˜j − λ˜l) + θ(λ˜j − λp)− θ(λ˜j − λh) = 2π
[
j −
(
N + 1
2
)]
, (2.18)
Subtracting this from the Bethe equations for the ground state (2.3), and noticing that
λj − λ˜j = O(L−1) and θ(λ+△)− θ(λ) = O(△), (△ here is not ∆) one has,
L(λj − λ˜j)K(λj)− θ(λj − λp) + θ(λj − λh)
+ (λj − λ˜j)
∑
l
K(λj , λl)−
∑
l
K(λj , λl)(λl − λ˜l) = 0. (2.19)
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By using equation (2.4), one obtains
2πρp(λj)L(λj − λ˜j)− θ(λj − λp) + θ(λj − λh)
−
∑
l
K(λj , λl)(λl − λ˜l)(λl+1 − λl)
(λl+1 − λl) = 0. (2.20)
Let us introduce the shift function F for one particle and one hole:
F (λj|λp, λh) ≡ (λj − λ˜j)
(λj+1 − λj) . (2.21)
Let us discuss the meaning of F function. When producing a hole, all other λj will
shift a little bit. F function describes these shifts divided by the normal distances in
the ground state. Thus F function is a reaction function which shows the reaction of
the Fermi sphere (distribution of particles) after the creation of a hole.
In the thermodynamic limit, one can change the sum in (2.20) to integral, which
gives
F (µ|λp, λh)−
∫ q
−q
dν
2π
K(µ, ν)F (ν|λp, λh) = θ(µ− λp)− θ(µ− λh)
2π
. (2.22)
Physical meaning of the shift function becomes clear, when considering scattering (see
the end of the section, equations (2.30) and (2.31)). It is simply related to the scattering
phase:
F (µ|λp, λh) = φ(µ, λp)− φ(µ, λh)
2π
. (2.23)
Now the dressed energy also called the one particle excitation energy (elementary ex-
cited) ε(λ) is
ε(λ)− 1
2π
∫ +q
−q
K(λ, µ)ε(µ)dµ =
−2
λ2 + 1
− h ≡ ε0(λ), (2.24)
with condition
ε(q) = ε(−q) = 0. (2.25)
The observable energy δE is equal to the energy of the excited state minus the ground
state:
δE(λp, λh) = ε0(λp)− ε0(λh) +
∑
j
[ε0(λ˜j)− ε0(λj)]
= ε0(λp)− ε0(λh)−
∫ q
−q
ε′0(µ)F (µ|λp, λh)dµ
= ε(λp)− ε(λh). (2.26)
The proof for the last step in above equation is the same as that in Chapter I Section 4
of the book [4].
The momentum of the particle k(λp) is
k(λp) = p0(λp) +
∫ q
−q
θ(λp − µ)ρp(µ)dµ, p0(λ) = i ln
(
i+ λ
i− λ
)
, (2.27)
where p0(λ) is the bare momentum
4. The value λp of elementary particle excitation is
out of Fermi sphere, |λp| > q. On the contrary, the momentum k(λh) of elementary hole
4Note that p0(λ) is an odd function of p0(−λ) = −p0(λ).
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excitation with energy −ε(λh) is
kh(λh) = −p0(λh)−
∫ q
−q
θ(λh − µ)ρp(µ)dµ. (2.28)
where −q < λh < q.
−q q
λ
ε
particle particle
hole
Figure 1: The energy of the lipaton as a function of λ.
For −q < λ < q lipaton is a hole, but it is the particle for other values of λ.
Similarly, the observable momentum δP (λp, λh) is
δP (λp, λh) = p0(λp)− p0(λh)−
∫ q
−q
F (µ|λp, λh)dµ
= p0(λp)− p0(λh) +
∫ q
−q
[θ(λp − µ)− θ(λh − µ)]ρp(µ)dµ. (2.29)
Since particle and hole are defined at different momenta, we can combine them to-
gether in one elementary excitation which wewill call lipaton, see Figure 1. It is similar
to continuous nonlinear Schroedinger’s equation, considered in the book [4]. Follow-
ing this approach we can prove that in the sector with fixed density any energy level
of lattice nonlinear Schroedinger’s equation 5 is a scattering state of several elementary
excitations [lipatons], see formula (4.29) in Chapter I section 4 of the book [4]. The li-
paton is a fermion. It can be represented as a topological excitation (soliton) of original
bosonic degrees of freedom, described by the group Z2 . Topological solitons were de-
scribed in [11]. In quantum nonlinear Schroedinger’s equation topological excitation
was first described in 1993, see Chapter I section 4 of the book [4].
The LNS model has infinitely many conservation laws. This impose strong limita-
tions on scattering. For example there is no reflection during scattering of particle and
a hole. The scattering matrix is a transition coefficient:
S = exp{−iφ(λp, λh)}, (2.30)
here the scattering phase is defined by the following integral equation:
φ(λp, λh)− 1
2π
∫ +q
−q
K(λp, ν)φ(ν, λ− λh)dν = θ(λp − λh). (2.31)
Many body scattering matrix is a product of two-body scattering matrices.
5Equivalent to XXX with negative spin.
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3 Finite size effects and CFT
In this section, we show that the critical exponent ϑ which drives the long distance
asymptotics of correlation functions can be expressed in terms of dressed charge Z(λ).
We further discuss that the model under consideration can be described by two con-
formal dimensions∆±, and they are related to two Virasoro algebras both with central
charge equals to 1.
−q q
λ
ε
C
F
T C
F
T
Figure 2: CFT approximation to ε.
The slope of the straight lines is ∂ε(λ)/∂λ|λ=q . It is the first factor of the equation (3.7)
for Fermi velocity.
In the thermodynamic limit, the elementary excitation energy satisfies the integral
equation
ε(λ) =
−2
λ2 + 1
− h + 1
2π
∫ q
−q
K(λ, µ)ε(µ)dµ, (3.1)
and the energy of the hole (on the Fermi sphere) should be equal to zero, determining
the Fermi spectral parameter q
ε(±q) = 0. (3.2)
The fractional charge Z(λ) is defined by the dressing equation
Z(λ)− 1
2π
∫ q
−q
K(λ, µ)Z(µ)dµ = 1. (3.3)
The physical meaning of the fractional charge comes from differentiating of linear in-
tegral equation of ε(λ) with respect to h,
Z(λ) = −∂ε(λ)
∂h
. (3.4)
The ground state is the Fermi sphere filled with the following states: −q ≤ λ ≤ q.
The spectrum of conformal dimensions ∆+ and ∆− of the primary field are given
by
2∆± = 2N± +
(
δN
2Z ± Zd
)2
, (3.5)
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where Z is the value of fractional charge Z(λ) on the Fermi surface q
Z = Z(q). (3.6)
N± show the change of integer numbers nj (periodic boundary conditions of the Bethe
Ansatz) in the vicinity of the Fermi surface ±q. The quantum number δN is charac-
teristic of the local conformal field. The quantum number d represents the number of
backscattered particles .
We remark that the asymptotics of correlation functions at zero temperature can be
expressed in terms of conformal dimensions. It should also be mentioned that since the
dressed chargeZ depends only on the R-matrix (and Fermimomentum), the conformal
dimensions demonstrate universality properties.
The Fermi velocity vF (also known as quench velocity ve for local quenches [12, 13])
can be defined as
vF = ve =
∂ε(λ)
∂k(λ)
∣∣∣∣
λ=q
=
∂ε(λ)
∂λ
∣∣∣∣
λ=q
(
∂k(λ)
∂λ
)−1 ∣∣∣∣
λ=q
, (3.7)
which strongly depends on the Fermi surface6 q, see Figure 2. We have discussed the
value range of q and its influence in the last section. Here ε(λ) is the dressed energy
(3.1) and k(λ) is the dressed momentum of the excitation:
k(λ) = p0(λ) +
∫ q
−q
θ(λ− µ)ρp(µ)dµ, p0(λ) = i ln
(
i+ λ
i− λ
)
. (3.8)
So
∂k(λ)
∂λ
= K(λ) +
∫ q
−q
K(λ, µ)ρp(µ)dµ = 2πρt(λ) = 2πρp(λ). (3.9)
Thus vF can be represented in the following form:
vF =
1
2πρt(q)
∂ε(λ)
∂λ
∣∣∣∣
λ=q
=
1
2πρp(q)
∂ε(λ)
∂λ
∣∣∣∣
λ=q
; (3.10)
note that the density of holes at Fermi surface q should be equal to zero.
In the Euclidian formulation, the correlation functions depend on |x+ ivF t|, where
x and t are space and time, see Chapter XVIII Section 2 of the book [4]. The Fermi
velocity vF coincides with ve, the velocity of the spread of entanglement entropy after
a measurement quench, see [13].
We can define the critical exponent in the case of XXX spin s = −1 chain,
ϑ = 2Z2(q) = 2Z2, (3.11)
see (3.3) and (3.6). This function is important because it defines the power law decrease
of the long distance asymptotics of the correlation functions at zero temperature (see
[4, 14, 15]). The results of this section can thus be applied to the calculation of the
asymptotics of correlation functions.
At zero temperature, the entanglement entropy [16] of the model is
S(y) = 1
3
ln y, as y →∞, (3.12)
6which depends on the density (2.5)
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where y is the size of subsystem; for current model the central charge is equal to 1. This
result agrees with the third law of thermodynamics.
The critical exponents in a conformally invariant theory are related to the scaling
(conformal) dimensions of the operators within this theory. Bethe Ansatz solvable
models (whichwe consider here) are related to two Virasoro algebras, both with central
charge equals to 1.
4 Thermodynamics
In the following, we mainly focus on thermodynamics of XXX spin chain with spin s =
−1, and then generalize the results to arbitrary negative spin s in the next section. The
Bethe equations (and roots) are of primary importance. Their properties are discussed
in section 2 and Appendix A and B. They are the basis of this section.
Following the works [4, 8], one derives the Yang-Yang equation for current model
by using variation and the steepest descent method,
ε(λ) =
−2
λ2 + 1
− h− T
2π
∫ +∞
−∞
K(λ, µ) ln(1 + e−ε(µ)/T )dµ. (4.1)
The existence of solution for this equation is given in Appendix C. Simultaneously, the
following properties are also established:
ρh(λ)
ρp(λ)
= eε(λ)/T ; (4.2)
D =
N
L
=
∫ ∞
−∞
ρp(λ)dλ; (4.3)
ε(λ) = ε(−λ); (4.4)
−2
λ2 + 1
− h ≥ ε(λ) ≥ −2
λ2 + 1
+ 2 + x0; (4.5)
∂ε(λ)
∂λ
> 0, ifλ > 0; (4.6)
ε(λ)→ −2
λ2 + 1
− h+O(1/λ2), λ→ ±∞. (4.7)
Based on Yang-Yang equation, one can further derive some physical quantities like
free energy, pressure and entropy. The free energy density is
f =
∫ +∞
−∞
(
−2
µ2 + 1
− ε(µ))ρp(µ)− T (ρp(µ) + ρh(µ)) ln(1 + exp(−ε(µ)/T ))dµ. (4.8)
Substitute Yang-Yang equation into it (in the following equation all integrals are from
12
−∞ to +∞):
f =
∫ [
h +
T
2π
∫
2κ dν
κ2 + (µ− ν)2 ln(1 + exp(−ε(ν)/T ))
]
ρp(µ)dµ
−T
∫
(ρp(µ) + ρh(µ)) ln(1 + exp(−ε(µ)/T ))dµ
=
∫
[hρp(µ)− T (ρp(µ) + ρh(µ)) ln(1 + exp(−ε(µ)/T ))] dµ
+
T
2π
∫ [
2κρp(ν) dν
κ2 + (µ− ν)2
]
ln(1 + exp(−ε(µ)/T ))dµ
=
∫
hρp(µ)dµ− T ln(1 + exp(−ε(µ)/T ))
×
[
(ρp(µ) + ρh(µ))− 1
2π
∫
2κρp(ν) dν
κ2 + (µ− ν)2
]
dµ. (4.9)
Then substitute the expression for ρt(λ) into the above equation
ρt(λ) = ρp(λ) + ρh(λ) =
1
2π
[∫ +∞
−∞
K(λ, ν)ρp(ν)dν +K(λ)
]
. (4.10)
One gets the simplified expression for free energy density
f =
∫ +∞
−∞
[
hρp(µ)− T
2π
ln(1 + exp(−ε(µ)/T ))K(µ)
]
dµ
= Dh− T
2π
∫ +∞
−∞
ln(1 + exp(−ε(µ)/T ))K(µ)dµ, (4.11)
in which
∫
ρp(µ)dµ = D = N/L. Then the free energy becomes:
F = Nh− LT
2π
∫ +∞
−∞
ln(1 + exp(−ε(µ)/T ))K(µ)dµ. (4.12)
The pressure is the derivative of the free energy with respect to L at fixed temperature:
P = −
(
∂F
∂L
)
T
=
T
2π
∫ +∞
−∞
K(µ) ln(1 + e−ε(µ)/T )dµ. (4.13)
The total entropy of the whole system can be expressed as:
S = −∂F
∂T
=
L
2π
∫ +∞
−∞
K(µ)
[
ln(1 + e−ε(µ)/T ) +
ε(µ)
T (eε(µ)/T + 1)
]
dµ. (4.14)
4.1 Zero temperature T → 0 limit
Let us first discuss what happens with the estimate (4.5) to the solution of the Yang-
Yang equation ε(λ) under the zero temperature T → 0 limit. According to (C.13), the
constant x0 is a one to one monotonically decreasing function of h. When T = 0, the
point h = −2 corresponds to x0 = 0. The semi-axis are mapped in the following way:
when h > −2, then x0 < 0; (4.15)
when h < −2, then x0 > 0. (4.16)
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In the last case, it is obvious that h = −2− x0. The function ε(λ) is then equal to
ε(λ) =
−2
λ2 + 1
− h, h < −2. (4.17)
The function has no zeros on the real axis. This corresponds to the case of zero density,
D = 0. When h > −2, then x0 < 0, and this is the case that ε(λ) possesses two zeros on
the real axis
ε(±q) = 0, 0 > h > −2. (4.18)
The function ε(λ) is an even function of spectral parameter λmonotonic on the positive
semi-axis λ > 0 and also
when |λ| > q, then ε(λ) > 0; (4.19)
when |λ| < q, then ε(λ) < 0. (4.20)
These properties are obtained from in the limit T → 0. The Yang-Yang equation
becomes linear in this case
ε(λ) =
−2
λ2 + 1
− h+ 1
2π
∫ +q
−q
K(λ, µ)ε(µ)dµ (4.21)
ε(q) = ε(−q) = 0. (4.22)
During this procedure, we have used the fact that
eε(λ)/T =
ρh(λ)
ρp(λ)
=
{ ∞, |λ| > q
0, |λ| < q
if − q ≤ λ ≤ q, then ρh(λ) = 0 and ρp(λ) > 0 (4.23)
if λ < −q or λ > q, then ρp(λ) = 0 and ρh(λ) > 0.
The equation for densities becomes
2πρp(λ)−
∫ q
−q
K(λ, µ)ρp(µ)dµ = K(λ); −q ≤ λ ≤ q (4.24)
∫ q
−q
ρp(λ)dλ = D =
N
L
. (4.25)
At zero temperature, the free energy is:
F = Nh + L
2π
∫ q
−q
2κ
κ2 + µ2
ε(µ)dµ. (4.26)
The pressure P is equal to
P = − 1
2π
∫ q
−q
2κ
κ2 + µ2
ε(µ)dµ. (4.27)
The entropy vanishes (note that ε(λ) < 0 in the interval |λ| < q, so ε(µ)/T → −∞ as
T → 0):
S = −∂F
∂T
=
L
2π
∫ +q
−q
2κ
κ2 + µ2
[
−ε(µ)
T
+
ε(µ)
T (eε(µ)/T + 1)
]
dµ = 0, (4.28)
according to the third law of thermodynamics.
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4.2 Strong coupling for lattice nonlinear Schroedinger
In another limiting case, consider temperature T to be arbitrary, but coupling is strong
(κ→∞). As κ→∞, the kernelK(λ, µ) tends to zero and all the integral equations can
be simplified:
ε(λ) =
−2
λ2 + 1
− h− P +O
(
1
κ3
)
; (4.29)
ρp(λ) =
1 +D
κπ(1 + eε(λ)/T )
; (4.30)
ρh(λ) =
1 +D
κπ(1 + e−ε(λ)/T )
; (4.31)
ρt(λ) =
1 +D
κπ
; (4.32)
D =
N
L
=
∫ ∞
−∞
ρp(λ)dλ. (4.33)
The elementary excitation [lipaton] is a fermion. Its momentum k and energy ε
depend on spectral parameter λ. We can exclude λ and write 7 energy of lipaton as a
function of momentum
ε(k) = −h− 1− cos(k). (4.34)
5 Generalized negative spin s = −|s| case
In order to fully identify XXX with NLS we have to consider general negative spin. For
arbitrary negative spin s = −|s|, based on the logarithmic form Bethe equations (1.17),
the corresponding Yang-Yang equation becomes
ε(λ) =
−2|s|
λ2 + s2
− h− T
2π
∫ +∞
−∞
K(λ, µ) ln(1 + e−ε(µ)/T )dµ. (5.1)
The free energy is
F = Nh− TL
2π
∫ +∞
−∞
2|s|κ
(sκ)2 + µ2
ln(1 + e−ε(µ)/T )dµ. (5.2)
The pressure is the derivative of the free energy with respect to L at fixed temperature:
P = −
(
∂F
∂L
)
T
=
T
2π
∫ +∞
−∞
2|s|κ
(sκ)2 + µ2
ln(1 + e−ε(µ)/T )dµ. (5.3)
The entropy can be expressed as:
S = −∂F
∂T
=
L
2π
∫ +∞
−∞
2|s|κ
(sκ)2 + µ2
[
ln(1 + e−ε(µ)/T ) +
ε(µ)
T (eε(µ)/T + 1)
]
dµ. (5.4)
Further discussions and analysis for spin s = −1 case can be applied to arbitrary neg-
ative spin case, the procedure is similar, so they are omitted here.
7in the strong coupling limit
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6 Conclusion
The holomorphic QCD describing the deep-inelastic scattering at small Bjorken x is
dual to the XXX spin s = −1 chain. It is solvable by Bethe Ansatz. In this paper, we
have constructed thermodynamics of this model and have generalized the results to
arbitrary negative spin. We also gave the description of the model in terms of CFT,
and described the velocity, with which the entanglement entropy spreads after local
quenches. In thermodynamic limit any energy level is a scattering state of several
elementary excitations8, see formula (4.29) in Chapter I section 4 of the book [4]. Here
we call the elementary excitation lipaton. The lipaton is a fermion: it can be considered
as a topological excitation of original [bosonic] degrees of freedom, described by Z2
group. Topological solitons were studied in the paper [11]. Topological excitation in
nonlinear Schoedinger was discovered in [4].
The topological expansion in QCD implies the cylindrical topology of Feynman
diagrams describing high energy scattering; this results in the periodic boundary con-
dition in the spin chain [17]. The lipaton satisfies anti-periodic boundary conditions:
so only even number of lipatons will fit into periodic boundary conditions. We also
calculated energy and momentum of lipaton, see (2.24), (2.27) and (2.28). We have also
calculated the scattering matrix of two lipatons.
In the forthcoming paper, we will address the implications of our results for the
physics of deep-inelastic scattering, and for its modeling in quantum simulations.
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Appendix A: Proofs of properties of the solutions of Bethe
equations
Theorem 1. All the solutions of Bethe equations (1.9) for s = −1 are real numbers.(
λk − i
λk + i
)L
=
N∏
j=1, j 6=k
λk − λj + i
λk − λj − i , k = 1, · · · , N. (A.1)
Proof: Both sides of the Bethe equations have the following properties.
LHS:
∣∣∣∣λ− iλ+ i
∣∣∣∣ ≤ 1, when Imλ ≥ 0;
∣∣∣∣λ− iλ+ i
∣∣∣∣ ≥ 1, when Imλ ≤ 0; (A.2)
RHS:
∣∣∣∣λ+ iλ− i
∣∣∣∣ ≥ 1, when Imλ ≥ 0;
∣∣∣∣λ+ iλ− i
∣∣∣∣ ≤ 1, when Imλ ≤ 0; (A.3)
8with different momenta
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Consider the set of complex solutions {λj}which satisfy the Bethe equations. If denote
the one with maximal imaginary part as λmax ∈ {λj}, then
Im λmax ≥ Im λj , j = 1, · · · , N. (A.4)
Taking the modulus of both sides of the equation for λj = λmax, make use of the esti-
mate for the right hand side (A.3) and obtain
∣∣∣∣λmax − iλmax + i
∣∣∣∣
L
=
∣∣∣∣∣
N∏
j=1
λmax − λj + i
λmax − λj − i
∣∣∣∣∣ ≥ 1. (A.5)
Due to (A.2) and (A.4), this results in
Im λj ≤ Im λmax ≤ 0, j = 1, · · · , N. (A.6)
On the other hand, let us define λmin as the one with minimal imaginary part: Im
λmin ≤ Im λj , j = 1, · · · , N . From the estimate for the right hand side (A.3), we also
derive
∣∣∣∣λmin − iλmin + i
∣∣∣∣
L
=
∣∣∣∣∣
N∏
j=1
λmin − λj + i
λmin − λj − i
∣∣∣∣∣ ≤ 1. (A.7)
Similarly, due to (A.2), one has
0 ≤ Im λmin ≤ Im λj, j = 1, · · · , N. (A.8)
Thus the only remaining possibility is Im λj = 0, j = 1, · · · , N . Theorem 1 is proved.
Theorem 2. The solutions of the logarithmic form Bethe equations (1.20) exist.
Proof: The proof procedure follows from [4], and it is based on the fact that the equa-
tions (1.20) can be obtained from a variational principle. The Yang-Yang action was
introduced by C.N. Yang and C.P. Yang in [8]:
S = L
N∑
k=1
θ1(λk) +
1
2
N∑
k,j
θ1(λk − λj)− 2π
N∑
k=1
nkλk, (A.9)
where θ1(λ) =
∫ λ
0
θ(µ)dµ. Equations (1.20) are the extremum (minimum) conditions
for S (∂S/∂λj = 0). To prove this, it is sufficient to establish that the matrix of second
derivatives is positive definite.
∂2S
∂λj∂λl
= δjl[L K(λj) +
N∑
m=1
K(λj , λm)]−K(λj, λl) (A.10)
where
K(λ, µ) = θ′(λ− µ) = 2κ
κ2 + (λ− µ)2 , K(λ) = K(λ, 0), κ = 1, (A.11)
and so, one has
∑
j,l
∂2S
∂λj∂λl
vjvl =
N∑
j=1
L K(λj)v
2
j +
N∑
j>l
K(λj, λl)(vj − vl)2 ≥
N∑
j=1
L K(λj)v
2
j > 0, (A.12)
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for any vector vj with real components. The matrix of second derivatives is positive,
the action S is convex. S has only one minimal extremum, and it defines the solutions
of the Bethe equations. Theorem 2 is proved.
We remark that the determinant of the matrix (A.10) gives the square of the norm
of the Bethe wave function. The corresponding formula in the book [4] is (0.3) in the
Introduction section of Chapter X. So the wave function does note vanish.
Appendix B: Analysis of densities of momenta (the solu-
tions of Bethe equations)
To construct the thermodynamics, we shall need the following properties. Let us sub-
tract the k−th equation from j−th Bethe equation (1.20) of the system,
2π(nj − nk) =
N∑
l=1
[θ(λj − λl)− θ(λk − λl)] + L [θ(λj)− θ(λk)]. (B.1)
We already know the function θ(λ) increases monotonically, the sign of each term in
this equation should be the same. Thus if nj > nk, then λj > λk, and if nj = nk, then
λj = λk.
The above relation yields the intervals of different solutions λj satisfy inequality
|λj − λk| ≥ 2π(nj − nk)2L
κ
(1 +D)
≥ 2π
2L
κ
(1 +D)
; j 6= k (B.2)
where D = N/L is the density of holomorphic QCD particles, and one also uses the
inequality
0 < K(λ, µ) <
2
κ
; Imλ = Imµ = 0. (B.3)
Let us define a function λ(x) (x ∈ R1), which is closely related to the solution of the
Bethe equations (1.20),
2πLx =
N∑
j=1
θ(λ(x)− λj) + L θ(λ(x)). (B.4)
According to analysis of Yang-Yang action, we know that λ(x) does exist and is a mono-
tonically increasing function of x = nj/L. The function value λ(nj/L) is just the corre-
sponding λj from the solution of (1.20),
λ
(nj
L
)
= λj, λj ∈ {λk}. (B.5)
The values of λj can be regard as the momenta of the particles, and taking the number
m /∈ {nj} (m is integer for odd N and half-integer for even N), the corresponding
function value of λ(x)
λm = λ
(m
L
)
, (B.6)
is called themomentum of the hole. So each numberm (integer or half-integer), defines
a vacancy. A filled vacancy is a particle, and a free vacancy is a hole. The total number
of particles and holes gives the complete number of vacancies. The density of vacancies
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defined as ρt(λ) = ρt(λ(x)) = dx(λ)/dλ. Differentiating the above equation (B.4) with
respect to spectral parameter λ, one has
2πρt(λ) =
1
L
N∑
j=1
K(λ(x), λj) +K(λ(x)). (B.7)
Change the sum to an integral, one has the linear integral equation for ρt(λ)
2πρt(λ) =
∫ +∞
−∞
K(λ, µ)ρp(µ)dµ+K(λ). (B.8)
Here the number (density) of vacancies can be simply expressed as the sum of the
numbers of particles and holes
ρt(λ) = ρp(λ) + ρh(λ). (B.9)
Appendix C: Existence of solution to Yang-Yang equation
Theorem 3. A solution of the Yang-Yang equation does exist.
Proof: To start with, we construct the following functions:
ε0(λ) =
−2
λ2 + 1
− h; (C.1)
εm+1(λ) =
−2
λ2 + 1
− h+ Am; (C.2)
Am = − T
2π
∫ +∞
−∞
K(λ, µ) ln(1 + e−εm(µ)/T )dµ. (C.3)
The sequence of the series function εj(λ) decreases at every point λ,
ε0(λ) > ε1(λ) > · · · εm(λ) > εm+1(λ) > · · · (C.4)
and we suppose it has a lower bound, which we will prove below:
εm(λ) ≥ −2
λ2 + 1
+ x0 + 2, (C.5)
where x0 is some constant. These properties mean that the limit ε(λ) = lim
m→∞
εm(λ) does
exist and is a solution of the Yang-Yang equation. The decrease property (C.4) can be
obtained from the fact that Am < 0 and δAm/δεm > 0. In order to prove that εm(λ) is
bounded from below, we should know that εm(λ) is an even function, and
εm(λ2) > εm(λ1), ifλ2 > λ1 ≥ 0. (C.6)
This property can be proved by induction in m. Supposing that the above equation
(C.6) is true for some εm, we prove that it is also true for εm+1. Indeed, the first order
derivative of εm+1 has the form,
ε′m+1(λ) =
4λ
(λ2 + 1)2
+
1
2π
∫ +∞
−∞
K(λ, µ)
ε′m(µ)
1 + eεm(µ)/T
dµ
=
4λ
(λ2 + 1)2
+
1
2π
∫ +∞
0
[K(λ, µ)−K(λ,−µ)] ε
′
m(µ)
1 + eεm(µ)/T
dµ > 0. (C.7)
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Since K(λ, µ) > K(λ,−µ) at λ > 0 and µ > 0, thus we have proved (C.6).
As the term Am (C.3) is also an even function, which increases monotonically on
the positive semi-axis, one has
εm(λ) ≥ −2
λ2 + 1
+ 2 + εm(0). (C.8)
Based on the above properties (C.2) and (C.8), one can write the following inequality
εm+1(λ) ≥ −2− h− T
2π
∫ +∞
−∞
K(0, µ) ln(1 + e
−[εm(0)−
2
µ2+1
+2]/T
)dµ. (C.9)
Define the function
f(x) ≡ −2 − h− T
2π
∫ +∞
−∞
K(0, µ) ln(1 + e
[ 2
µ2+1
−2−x]/T
)dµ
= −2 − h + x− T
2π
∫ +∞
−∞
K(0, µ) ln(ex/T + e
[ 2
µ2+1
−2]/T
)dµ. (C.10)
Then one can rewrite (C.9) as follows
εm+1(0) ≥ f(εm(0)). (C.11)
The function f(x) increases monotonically, and f(x) < −h − 2. While the function
f(x)− x decreases monotonically in the real axis [−∞,+∞]. Thus the equation
f(x0)− x0 = 0 (C.12)
possesses a unique solution. At fixed temperature, the constant x0 is uniquely defined
by h, and vice versa,
h = −2− T
2π
∫ +∞
−∞
K(0, µ) ln(ex0/T + e
[ 2
µ2+1
−2]/T
)dµ. (C.13)
So h is a monotonically decreasing function of x0 in the interval [−∞,+∞]. Now one
can prove that
εm(0) ≥ x0, m ≥ 0. (C.14)
First one notes that
ε0(0) = −2 − h > f(x0) = x0. (C.15)
Then one uses induction inm. Supposing εm(0) ≥ x0, from (C.11) and themonotonicity
of the function f(x), one has
εm+1(0) ≥ f(εm(0)) ≥ f(x0) = x0. (C.16)
Thus (C.14) is proved. Together with (C.8) one arrives at (C.5), which proves the exis-
tence of the solution to the Yang-Yang equation.
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